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Abstract-This paper is concerned with the determination of the transient stress state at the site in a bent plate
where a through crack of finite length has appeared suddenly. Such a phenomenon can be easily visualized as
the type of damage caused by projectile penetration. Mindlin's equations of flexural motion are used so that the
three natural boundary conditions can be satisfied on the crack surfaces whereas the approximate Kirchhoff
condition in the classical theory leads to unrealistic results near the crack. A set of dual integral equations is
derived for this problem and solved numerically. The moment intensity factor is found to increase monotonically
with time and is always lower than the static limit. Its amplitude is a function of the plate thickness to crack
length ratio. This is different from the in-plane stretching case where the dynamic stress-intensity factor rises
above the static limit very quickly before it decays.

INTRODUCTION

A POSSIBLE failure mode of plate-like structures when subjected to ballistic impact is
penetration of the projectile accompanied by rapid crack propagation, Depending on the
speed of the projectile, the thickness of the target material, and other factors, the crack
may reach a subcriticallength and arrest itself, In such a case, the problem may be modeled
by the sudden appearance of a through crack.

Transient stress analysis dealing with the state of affairs near the crack tip region has
been carried out by a number of past investigators, Their contributions are reviewed and
mentioned in [1,2]. Among the problems solved are shear and dilatational waves passing
by a plane [3-5J or penny-shaped [6,7J crack, The general conclusion is that the spatial
distribution of the dynamic stresses around the crack edge remained the same as the
static case while the amplitude of the local stress field varied with time reaching a peak
approximately 20-30 per cent greater than the corresponding static value and subsequently
oscillating about that value. The problem of flexural waves scattering at a crack was solved
by Sih and Loeber [8J who considered only the steady state situation,

The present analysis is concerned with the effect of bending on the transient stresses
near the tip of the crack. The problem will be examined through the theory of flexural
motion of plates developed by Mindlin [9J in which the three physical boundary con­
ditions of applied bending moments and zero twisting moment and transverse shear stress
can be satisfied individually at the crack edge, The procedure will be to apply transform

t This research is sponsored by the U.S. Air Force, Eglin Air Force Base under Contract F08635-70-C-0120.
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techniques to Mindlin's equations of motion in or<;ler to obtain a set of dual integral
equations from which a numerical solution can be obtained.

EQUATIONS OF FLEXURAL MOTION OF PLATES

The assumptions on the displacement vector are that the in-plane components, u and
v, are linearly dependent on the out-of-plane z coordinate, and that the out-of-plane
component, W, is independent of z. That is, the rectangular components of displacement
assume the form

U(X,y,z,t)::::: z!/tl(x,y,t)

v(x, y, z, t) ::::: Z!/t2(X, y, t)

w(x, y, z, t) ::::: !/t3(X, y, t).

(1)

The functions !/t 1 , !/t 2 and !/t3 are called plate-displacement components and are illus­
trated together with the general plate geometry in Fig. 1. The bending and twisting moments
and transverse shearing forces (per unit length) are defined, in terms of the stress com­
ponents, as

h/Zr-­
h/2-C-

y

z
FIG. I. General plate geometry and displacements.

x

(2)

(3)

where It is the thickness of the plate. The plate-stress components just defined are shown
acting on the element of the plate in Fig. 2.

Through use of the stress-strain and constitutive equations of classical three-dimen­
sional elasticity, the following relations are obtained between the plate-stress and plate-
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FIG. 2. Moments and shearing forces on plate element.

displacement components,
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(4)

M = D(iN I +v e1ji2)
x ex ey

M= D(N2 +vNI)
y ey ex

H = I-v (eljil e1ji2)
xy 2 D ey + ex

2 (elji 3 )Qx = K f.J.h ex +ljil

2 (Olji 3 )Qy=Kf.J.h ey+1ji2

with v and f.J. being Poisson's ratio and the shear modulus respectively and where the
shear coefficient K

2 assumes the value 11:
2/12. The flexural rigidity of the plate, D, is given by

f.J.h3
D=---.

6(1- v)
(5)

(7)

Making use of equations (1---4), the equations of motion of three-dimensional elasticity
theory may be converted to the following equations for plate-displacements.

~[(1-V)V2Ijit +(1 +V)~:J - K2 f.J.h(1ji1 +et
3
) = ~~3 e;~1

D[ 2 O<I>J 2 ( e1ji3) _ ph
3

o21ji22 (l-v)V 1ji2+(1-V) oy -K f.J.h 1ji2+ oy - 12 ot2

e31ji
K2f.J.h(V21ji3 +<I»+q = ph 0/ (6)

where

<I> = Oljil + C1ji2.
ex ey

The effect of the normal pressure q, will not be considered here and therefore q will be
set equal to zero. The parameter p is the mass density and V2 is the Laplacian operator.
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FORMULAnON OF PROBLEM

The specific problem to be considered here is that of sudden appearance of uniform
bending moment on the surface of a crack of length 2a lying on the x-axis of an infinite
plate (see Fig. 3). Since this problem is symmetric with respect to the x-axis, it will be
sufficient to consider only the region of the plate where y > O. As is usual in problems of
this type where geometric singularities are involved, mixed boundary conditions are im­
posed on the x-axis. These conditions are

Qy(x, 0, t) = 0 for 0::::; Ixl < OCJ

Hxy(x, 0, t) = 0 for o ::::; Ixl < .::1)

(8)
Mix, 0, t) = -MoH(t) for Ix! < Q

!/J2(X, 0, t) = 0 for Ixl > Q.

y x

z
FIG. 3. Geometry of through crack in plate.

In addition, the condition on displacement at infinity is

and the initial conditions are taken to be zero. The governing field equations for the
plate may now be solved subject to the preceding conditions.

Recall that the Laplace transform pair is

f*(p) = {CQ f(t) exp( - pt) dt

f(t) = -2
1

. r f*(p) exp(pt) dp
m JBr

(9)

(10)
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(12)

(13)

(11 )

where the second integral is over the Bromwich [lOJ path. The result of applying equation
(9) to equation (6) is

~[(1- v)V
2l/Jt + (1 + v)o~*J - K2flh( l/Jt + °t~) = ~~3 p

2l/Jt

D[( )w2,1,* (1 ) O<l>*J 2 h( .1,* Ol/J~) ph
3

2.1,*2 I-v '1'2+ -v
oy

-Kfl 'l'2+
0y

=lfP'I'2

K2 flh(V 2l/J"f, + <1>*) = php2!f;~.

Note that the reduction of the preceding equations to a set of homogeneous ordinary
differential equations necessitates the introduction of the Fourier cosine and sine trans­
forms. The Fourier cosine transform pair is

f(a) = 1'XJ f(x) cos(ax) dx,

and the Fourier sine transform pair is

2 foof(x) = - f(a) cot(ax) da
n 0

(14)

fOO 2 foof(a) = f(x) sin(ax) dx,f(x) = - f(a) sin(ax) da
o n 0

By noting the symmetry properties of the boundary conditions and by consideration
of equations (5), it is easily seen that !f;2 and !f;3 are even in x and !f;1 is odd in x. That is,

!f;1(x,Y,t) = -l/JI(-X,Y,t), !f;2(X,y,t) = l/J2(-X,y,t)

!f;3(X,Y,t) = !f;3(-X,y,t).

Thus, the Fourier sine transform is applied to equation (11), and the Fourier cosine
transform is applied to equations (12) and (13) with the result

D o2~t (Ph
3

2 2 2 ) A D a\ii! 2 -
2(I-v) oy2 - lfP +Da +K flh '!Jt-2(1+v)a oY +K flhr:x.\jJ~ = 0

D 0\lI* 02\j1* (Ph 3p2 D )- a\ii*-(I+v)a-I+D--2 - ~~+~(1-v)a2+K2flh '!J!-K2flh-3 = 0
2 oy oy2 12 2 oy

A a\ii! o2\j1~ -
K2flhr:x.\jJt+K2flh-::l-+K2flh;)T-(a2K2flh+php2)\j1~ = o.

uy cy

The preceding set of coupled ordinary differential equations may be solved in the
usual manner with the following result

~t = - at(a, p)(O" I -1)a exp( - YIY) - a!(a, P)(0"2 -l)a exp( - Y2Y)

- a~(a, P)Y3 exp( - Y3Y)

\j1! = -at(a, P)(O"I -1)YI exp( -YIy)-a!(a, P)(0"2 -1)Y2 exp( -Y2Y) (15)

- aa~(a, p) exp( - Y3Y)

\j1~ = aHa, p) exp( - YIY)+ a!(a, p) exp( - Y2Y)
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where

and
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fl = J[~Z +(pi/aZ)J

fZ = J[~z+(p~/aZ)J

f3 = J[~z+(PVaZ)J

pZ {I [(I)Z 48(W )ZJt
2(Pi, PD = w6Wa)Z s+ 12 ± S-12 -S pO

(16)

(17)

(18)

The quantity S stands for

and (1)0 is the cut-off frequency

with Cz = (J1/p)t being the shear wave velocity in an infinite solid.
The expressions for the plate-displacement components simplify considerably through

introduction of the boundary conditions on Qy and H xy in equation (8). That is, the
equations,

(
C
1 t/J* )Q~ = K

ZJ1h -~.3 +t/J! = 0} cy

* _ I-v (ct/J! Ct/J!)_Hxy - 2 D ~ + ~ - 0cy ex

allow the functions at(~, p) (i = 1,2,3) to be written

for y = 0,

for y = 0,

(19)

(20)
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fl(rx) = (rx2+pi/a2)-t[(I-v)rx2a2+piJ2

f2(rx) = (rx2 +M/a2)-~[(I- v)rx2a2+1m2
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(21)

The solution of the problem now depends on the evaluation of A *(rx, p). This may be
accomplished through application of the remaining two boundary conditions of equation
(8). The result is the following set of dual integral equations:

where

2fOO M
- F(rx, p)A *(rx, p) cos(rxx) drx = _olxl < a
n 0 pD

Loo
A*(rx, p) cos(rxx) drx = 01xl > a

1 [ h(~ h(~
F(rx,p) = (Pi-PD (l-cr j )7-(l-cr2)7

- (l - V)2(cr2- cr drx2a\/[rx2 + (P3/a)2] ]

(22)

(23)

(24)

(25)

The procedure by which the dual integral equations are reduced to the solution of a
Fredholm integral equation is the same as that used for the in-plane case [2] and will not
be repeated here. The result of this procedure is that A *(rx, p) may be written

A *(s, p) = P~~12~~2)f <I>*(~, p)Jo(s~a)~W d~

where Jo is the zero-order Bessel function of the first kind and <I>*(~, p) is the solution to
the following Fredholm integral equation:

<I>*(~, p)-f <I>*(tI, p)K(~, tI) dtl = ~W, ~ < 1

whose kernel being symmetric in ~ and tI is

2~(~tI) foo
K(~, tI) = --2 sf(s, p)J o(Stl)Jo(s~) ds

(1- v) 0

with

(26)

As noted previously [2] rapid convergence of the infinite integral is facilitated if a
function g(s, p) is defined to be

H
g(s, p) = f(s, P)+~E2

S +
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Then, noting that

the kernel becomes

TIME DEPENDENT MOMENT DISTRIBUTION

o< ~ ~ 1] (27)

The solution of the Fredholm integral equation for <1>* completely determines the
Laplace transforms of the plate-stress components. Since the three components of moment
are expected to possess a square root singularity near the crack tip these will be discussed
in detail. Making use of equations (14) and (15) and the definition of the Fourier transform
pairs, these may be written

(1- v)Y 3 O: exp( - }'3y)J cos(o:x) do:

M*y

+(1- V)}'3a exp( - }'3y)J cos(ax) do:

* (1 V)D IX! [ ) * ) ( 2( *() p(' )H,X), = -- 2(0'1-IO:}'lads,p exp }'lY)+O'l-l)aYlal s,p ex 1'1Y
n 0

+ (Y~ +al )ar(s, p) exp( - hy)J sin(ax) do:.

(28)

In Ref. [2J, the inverse Laplace transforms of the stress expressions were obtained
through application of the Cagniard-DeHoop inversion technique. However, as this is
not possible for the present case, an alternative technique of asymptotic expansion of the
stress-field near the crack tip before inversion will be used [7]. Observe that the infinite
integrals in equations (28) are convergent everywhere except at the singular points, i.e.,
the crack tips. To obtain the solution near the crack tip, it is necessary to evaluate the
unbounded portions of these integrals in the neighborhood of the singular points. Noting
that the integrands are finite and continuous for any given value of s, the divergence of the
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integrals near the crack tip must be due to behavior as s --+ 00. Hence, the terms that
give rise to unbounded plate-stresses correspond to those parts of the integrand that are
dominant for large values of s, and they will be isolated in the work to follow.

If the expression for A*(IX, p) is integrated by parts so that

(29)

it can be seen that the singular part of the solution depends only on the first term on the
right. Then making use of equations (20), the integrands of equations (28) may be ex­
panded for large s, such that the result of retaining only the highest order term is

M~ = M oa<D*(1,p) l co

(sy-1)exp(-sy)Jt(sa)cos(sx)ds+ ...

M; = -Moa<D*(1,p) f~ (sy+ 1)exp(-sy)Jt(sa)cos(sx) ds +... (30)

<D*(1 p) fco
H~y= -Moa ' syexp(-sy)Jt(sa)sin(sx)ds+ ...

p 0

Making use of well-known Bessel integral identities and the Laplace inversion theorem,
the following results are obtained for the plate stresses near the crack tip:

M x = ~~i~N(t)COS(~) {1-sin(~) sin(3:)} + ...

Mo)a (8) { . (8) . (38)}M y = )(2r) N(t) cos 2: l+sm 2: sm 2 + ...

Mo)a (8) . (8) (38)H XY = )(2r) N(t) cos 2: sm 2: cos 2 + ...

(31)

where the polar coordinates rand 8 are shown in Fig. 3 and the function N(t) is the in­
verse Laplace transform of [<D*(I, p)/p]. The moments near the crack tip possess the inverse
square-root of r singularity. Then, following Sih and Loeber [8J, a dynamic moment
intensity factor may be defined here as

and the plate-stresses near the crack tip may be written

Kt(t) (8) { . (8) . (38)}M x = )(2r)cos 2: I-sm 2: sm 2 + ...

Kt(t) (8){ . (8) . (38)}My = )(2r)cos 2: l+sm 2: sm 2 + ...

Kt(t) (8). (8) (38)H xy = )(2r) cos 2: sm 2: cos 2 + ...
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where the expressions for the shear resultants Qx and Qy are not presented as they are
finite everywhere. The preceding expressions for the moments are identical to the ex­
pressions obtained for ax, a y and Txy in the in-plane extension problem with the only
difference depending on the behavior of K,(t).

In order to evaluate K, (t) it is necessary first to numerically solve the Fredholm integral
equation (25) for lI>*(~, p). The results of this are presented in Fig. 4 where values of <1>*(1, p)
as a function of (c 2 /pa) are plotted for two values of(h/a) and for Poisson's ratio equal to
0·3. Since only the numerical values of [<1>*(1, p)/pJ are obtained, the inverse Laplace
transform of this function, N(t), must be obtained numerically.

h/a=1.0

-;

-h/a=0.5

o 1.0 2.0 3.0 4.0

NORMALIZED WAVE NUMBER lo.= Ct/ap

FIG. 4. Solutions to Fredholm integral equation.
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FIG. 5. Moment intensity factor as function of time.
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The behavior of K 1(t) that may thus be described is quite different from the case of
uniform in-plane extension. Referring to Fig. 5, when the ratio of plate thickness to crack
length, h/a, is equal to one, the dynamic moment-intensity factor asymptotically ap­
proaches the static value of KI(t) = 0·75 MoJa with little or no oscillation about that
value. It should be noted that this result is in agreement with Sih and Loeber [8J who, for
the same geometric and material parameters, showed that the steady-state dynamic
moment-intensity factor decreases from the static value as the frequency increases. Figure 5
also shows that K I (t) has the same behavior for a value of h/a equal to 0·5. The static limit
in this case is 0·70 MoJa which is in agreement with the result reported by Hartranft
and Sih [11].
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A6CTpaKT~Pa60Ta 1aHHMaeTCSl onpeD,eJleHHeM HeCTa/..lHOHapHoro HanpSllKeHHoro COCTOSlHHSl B ,TOM MeCTe
H1rH6aeMoM nJlaCTHHKH, rD,e nOSlBHJlaCb BHe3anHo TpeUlHHa HaCKB01b, KOHe'lHOM D,JlHHbl. TaKoe SlBileHHe
MOlKHO JlerKO MblCileHHO npeD,CTaBHTb ce6e B Ka'leCTBe nOBpelKD,eHHSl, Bbl1blBaHHoro npoHHKHoBeHHeM
cHapSlD,a. Hcnoilb1YHHCSl ypaBHeHHSl MHHD,ilHHa D,ilSl H1fJ.16ilOrO D,Bl1lKeHHSl 11, 3aTeM, yD,OBileTBopSlIQTCSl
TpMe eCTecTBeHHblM rpaHI1'lHbiM YCilOBI1SlM Ha nOBepxHocTSlX TpeUlHHbl, TOrD,a KaK npH6ilHlKeHHoe YCiloBl1e
KHpxro<jl<!>a npHBOD,HT K HepeailHCTH'leCKHM pe3YilbTaTaM 6ilH1H TpeUlHHbl. D,ilSl 3TOM 3aD,a'll1 BbIBOD,I1TCSl
CHCTeMa D,yailbHblx HHTerpailbHblx ypa8HeHI1M Ii pewaeTcli 'lHCileHHO. YKaeaHO, 'ITO <!>aKTOp I1HTeHCI18­
HOCTH MOMeHTa YBeJlH'lHBaeTCSl MOHOTOHHO BO BpeMeHI1 Ii BCerD,a SlBilSleTCSl HH3WHM no cpaBHeHl11Q CO
CTaTH'leCKI1M npeD,eJlOM. Ero aMnill1TyD,a OKa3blBaeTCSl QJYHK/..ll1eM COOTHOWeHI1Sl TOJlUlI1Hbl nilaCTHHKIt K
D,ilHHe TpeWHHbl. 31'0 Sl8JleHI1e OTJlI1'laeTCli 01' CilY'laSl paCTSllKeHI1Sl B nilOCKOCTI1, B KOTOpOM <jlaKTop
HHTeHCHBHOCTI1 D,HHaMH'leCKHX HanpSllKeHI1M nOBblwaeTCSl O'leHb 6blCTpO HaD, CTaTI1'leCKHM npe,lleJl. paHbwe
pa1pyweHI1Sl.


